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Background: orthonormal polynomials pn(x) = γnx
n + · · · :
an+1pn+1(x) = (x− bn)pn(x)− anpn−1(x) (1)







where V and W are polynomials, satisfy differential relations
Wp′n = (Ωn − V )pn − anΘnpn−1 (3)
where Ωn and Θn are polynomials of degrees ≤ m−1 andm−2 (if degrees V andW ≤ m−1
and m), with Ωn+1(x) = (x− bn)Θn(x)− Ωn(x), (4)





representing nonlinear recurrence relations for the an’s and bn’s [Laguerre, 19
th century].







where T and W are polynomials in x and t ( the same W , which will now be written
W (x, t)), each recurrence coefficient a2n(t) and bn(t) satisfy a nonlinear differential equation
having Painleve´ property (movable singular points are only poles) . [many people, 20th
century].
I have an (incomplete) elementary proof of this for generalized Jacobi weights





αk , xj(t) < x < xj+1(t), j = 1, . . . , m− 1.

 (6)
where therefore W (x, t) =
∏m
1



























m−2+· · ·). A differential













































































Problem: eliminate the Θ’s and the Ω’s in (8−13) so to exhibit the scalar differential
equations for an(t) and bn(t), at least in the m = 3 case (W of degree 3 in x and 1 in t),
and in the even m = 5 case (w(x, t) = |x|α|x2−x21|
β|x2−x22|
γ , bn = 0), see [1] for confluent
cases and [2] for the even case.
Proof of (8− 13)















































pn(x, t)pn−1(xk, t)− pn(xk, t)pn−1(x, t)
x− xk
+ pn(xk, t)pn(x, t)
]
(16)









Now, from (14), (2), (3), (4), and (1)
Wq′n = (Ωn+V )qn−anΘnqn−1,Wp
′
n−1 = anΘn−1pn− (Ωn+V )pn−1,Wq
′
n−1 = anΘn−1qn− (Ωn−V )qn−1,
so that, using pnqn−1 − pn−1qn = 1/an,
Θn(xk) = 2V (xk)pn(xk)qn(xk) = αkW
′(xk)pn(xk)qn(xk),Ωn(xk)− V (xk) = anαkW
′(xk)qn(xk)pn−1(xk),
(17)










(Ωn(xk)− V (xk))pn(x)− anΘn(xk)pn−1(x)







n − γn(t)(b0(t) + · · ·+ bn−1(t))x






b˙0 + · · ·+ b˙n−1
an
pn−1 + · · ·
and the coefficient of pn−1 in (15):
−














For (11-13), we need the t−derivatives of pn(xj(t), t), qn(xj(t), t), etc.
dpn(xj(t), t)/dt = (∂pn(x, t)/∂t)(xj) + x˙jp
′
n(xj)





















(Ωn(xk)− V (xk))pn(xj)− anΘn(xk)pn−1(xj)

































[Ωn(xk)− V (xk)]pn(u)− anΘn(xk)pn−1(u)









[Ωn(xk) + V (xk)](qn(x)− qn(xk))− anΘn(xk)(qn−1(x)− qn−1(xk))









(Ωn(xk) + V (xk))qn(xj)− anΘn(xk)qn−1(xj)
W ′(xk)(xj − xk)
,
and we get (11) as αjd(pn(xj)qn(xj))/dt (from (17)). For (12): use (11) with n − 1 instead of n, use





coefficient of xm−1 of Θn−1 = 0). Finally, we need dpn−1(xj(t), t)/dt for (13): take (19) with n− 1, replace
−an−1pn−2(xj) by anpn(xj)− (xj − bn−1)pn−1(xj):








(Ωn(xk) + V (xk))pn−1(xj)− anΘn−1(xk)pn(xj)
W ′(xk)(xj − xk)
.




ndu of (6) enters the solution














(x˙j − x˙k)(αk + βk)
νn,j − νn,k
xj − xk
, j = 1, . . . , m
with β1 = n+ 1, β2 = . . . = βm = 1.
This shows that the moments of these generalized Jacobi weights are regular functions of
t in any region where the xk(t)’s are distinct. As a
2
n(t) and bn(t) are ratios of determinants
of moments, the movable singular points of their equations can only be poles (the zeros of
the denominator determinants).
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